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Classification of Nilpotent Lie Superalgebras of
Dimension Five. I

Ahmad Hegazi'
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In this paper a classification is made of all nilpotent Lie superalgebras (graded
Lie algebras) of maximum dimension five.

A Lie superalgebra L = Ly P L, is a superalgebra over a base field
K = Ror C with an operation | . , .| satisfying the following axioms:

(i) [xo xp] = —(—=1D*P [xp, xa]
(i) (—=D*"[[xa, xp], xy] + (=D*P [[xp, Xol, 3] + (=D"P [[xy, xal,
xg] =0, x0 € Lo, xp € Lp; a0, B € {0,1} =2

Ly is called the even part, and is a Lie algebra, and L; is called the odd
part, and is an Ly-module by restriction of the adjoint representation.” We
say that L = Ly & Ly and L' = L) b L] are equivalent if there are
isomorphisms Ly — Ly and L; — Li which preserve the bracket multiplica-
tion. We say also that L is trivial if [L;, Li] = {0}; otherwise L is nontrivial.
It is also worth noting that the structure constants of a trivial Lie superalgebra
L can be interpreted as the structure constants of an associated Lie algebra
L’ provided that we replace the zero anticommutator of L by the zero commu-
tator of L'. However, under this correspondence, inequivalent Lie superalge-
bras can lead to equivalent Lie algebras. Other departures from ordinary Lie
theory include the fact that Lie’s theorem is not valid; that Cartan’s criterion
for simplicity only works in one direction; that there is no obvious analog
of Levi’s theorem; and that there can exist zero divisors in the enveloping
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algebra."" In the present work we give a classification of nilpotent Lie
superalgebras, which are not Lie algebras, up to dimension five—the classifi-
cation of Lie superalgebras of dimension four does not encounter any simple
Lie superalgebra (the smallest simple Lie superalgebras is of dimension five,
the so-called di-spin algebra'®—and all of these are solvable."®

Let L = Ly P L, be a Lie superalgebra; define a sequence of ideals of
Loy L= W =1L 0, L% =[LLY,...,[""=][L LY. Then L
is called nilpotent if there exists i such that L = (0); i is called the degree
of nilpotency. An ideal I of L is superideal if o(/) = I, where © is an
automorphism of L defined by o(xo + x1) = (xo0 — x1) for xo € Loy, x1 € L;.

For a Lie superalgebra L, it is known that L is nilpotent if and only if
ad, is a nilpotent operator for all x € L, where ad, is the adjoint representation
of L") 1t is also known that the Engel theorem is valid but the Lie theorem
is not valid for nilpotent Lie superalgebras."'”’ Now we study the nilpotent
Lie superalgebra over K = R or C with dimension =<5 and such that
[L, L] # 0, otherwise all results are trivial.

We tabulate the families of equivalence classes of the indecomposable
nilpotent Lie superalgebra of maximum dimension five (Table I). We say
that L = Ly B L, is an (m, n) algebra if dim Ly (resp. L) is m (resp. n). For
the labeling of algebras, the letters 4, B, C, D, E with integral superscript i
denote equivalence classes of algebras of dimension d, d = 1 for 4, d = 2
for B, d = 3 for C, d = 4 for D, and d = 5 for E. Here L is the associated
Lie algebra of the trivial Lie superalgebra and the superscript 7 is omitted
whenever its range is just the integer one.®™®

Proposition 1.1. For a Lie superalgebra of type (1, n), either [Ly, Li] =
(0) or [Li, Li] = (0), and it is nilpotent if and only if there exists a basis
Bi = B, U By, such that either [x;, xi] = a;x0, @; € {—1,0,1] for K = R,
a; € {0,1} for K= C, xo € By, x1 € By, and all other Lie products are
zero, or the matrix representation of ady, has the Jordan form

0o 1 0 . 0 0
0 0 1 0 0
0O 0 0 0 .
.

0 .

.10
0 0 0 0
0 0 0 0 O




Classification of Nilpotent Lie Superalgebras of Dimension 5 1737
Table I
Type L Characterization Relation Comments K
(1,0) — — — — —
0,1) 4 L =0y b (x1), [x1, x1] = 0 Trivial  Equivalent to R C
A1_1 and
Abelian
(1,1) (Al.l + A) L= <X()> + <X1>, [xl, xl] = X0 1411‘1) Nontrivial R C
2,00 — L = {xo, o) B (0) — Abelian Lie R C
algebra
02) — — — — —
(3,00 — L = {xo, yo, z0 B (0), Ly Heisenberg R C
[X0, Yo] = 20 Lie algebra
2,1) (A1 + A) L = {x0, yo) € (1) [x1, x)] = Derived Nontrivial R C
Xo, [X(), y()] =0 from
1411.1)
(1,2) C L = (xo) B {x1, p1), LY Trivial R C
[x0, x1] =y
(1,2) (4, + 24)! [x1, x1] = Xo, [y, 1] = %o LYo Nontrivial R C
(1,2) (Al.l + 2A)2 [xl, xl] = Xo, [yl, yl] = Xo 1451‘2) Nontrivial R
03) — — — — —
4,00 — L = (X0, 0, Z0, Vo), [X0, yo] = Liso) Lie algebra R C
20, [X0, Z0] = Vo
(3,1) (A3_1 + A) L= <X(), Yo, Z()) \:B <X1>, L (73‘1) Nontrivial R, C
[x0, Yol = zo, [x1, X1] = 20 Heisenberg Lie
superalgebra
(2,2) (C + A) L= <X(), y()> + <X1, y1>, 1482‘2) Nontrivial R C
[x0, x1] =y, [x1, x1] = yo
(2,2) Ay + 24" [xi, xi] = X0, ] = vo, L) Nontrivial R C
[x1, 1] = 172 (xo + yo)
(2,2) QAur + 247 [x1, x1] = xo, 1. 1] = o L, Nontrivial R C
(2,2) Ay + 24°  [xi, xi] = X0, 1, v = yo, L3, Nontrivial R C
[x1, 1] = (xo = yo)
(2,2) Ay + 24 [xi, xi] = X0, 1 v = yo, L3, Nontrivial R C
[x1, y1] = xo
(1,3) D L = {xo) & &1, y1, 21), L5 Trivial R C
[x0, x1] = y1, [x0, 1] = 21
(1,3) (4, + 34) [x1, x1] = Xo, V1, 1] = Xo, Lits Nontrivial R C
[z1, 21] = xo
(1L,3) (A + 34°%  [x, xi]l = X0, s 1] = Xo, Lty Nontrivial R C
[z1, 21] = xo
0,4) — — — — —
(5,00 — L = (X0, Y0, Z0, Vo, W0, L Heisenberg R C
[X0, Yol = wo, [20, Vo] = Wo Lie algebra
(5,00 — [X0, Yol = o, [0, Z0] = wo Ly Lie algebra R C
(5,00 — [X0, Yol = Zo» [X0, 20] = Vo, L, Lie algebra R C
o, wo] = o
(5,00 — [x0, Yol = zo, [X0, 20] = Vo, L3y Lie algebra R C

[0, Zo] = wo
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Table I—Continued

Type L Characterization Relation Comments K

(5,00 — [x0, Yo] = z0, [X0, 20] = Vo, LY Lie algebra R C
[x0, vo] = wo

equivalent to
[X0, yo] = wo, [X0, 20] = Yo,

[x0, vo] = 20

5,00 — [Xo0, Yo] = Zo, [X0» Z0] = Vo, Ho) Lie algebra R C
[X0, Vo] = wo, [Vo, 20] = wo

(4,1) E! L = (xo, 0, Zo, vo) B (x1), L3 Nontrivial R C
[Vo, Yol = Xo, [Vo, Zo] = zo,
[x1, x1] = xo

41 E? [X0, Yol = z0, [Vo, Yo] = X0, iy Nontrivial R C
[x1, x1] = 2

3,2 E° L = {x0, yo, z0) B (x1, y1), LH, Trivial R C
[X0, Yol = 2o, [X0, 1] = X1

(3,2) (EY [x0, Yol = zo, [x1, 1] = zo, LE, Nontrivial R C
il =2 Heisenberg Lie

superalgebra

(3.2) (E* [x0, o] = z0, [x1, X1] = 20, L%y Nontrivial R C
Lyl =~z

(3.2 (EY) [X0, o] = 2o, [X0, 1] = X1, LY Nontrivial R C
b, ] = 20

(2,3) (C+ 4) L = {xo, yo) P (1, y1, 21), LB Nontrivial R C
[x0, y1] = x1, [y, y1] =
Yo, [z1, 21] = »o

(2,3) (C + 4)? [X0, ¥1] = x1, 1, 1] = Yo, B3 Nontrivial R C
[z1, 21] = =0

(2,3) (24,5 + 34" [x, x1] = X0, i, 1] = v, L) Nontrivial R C
[z1,21] = x0 + »o

(2,3) (2451 + 34°  [x, x1] = x0, i, 1] = vo, U3 Nontrivial R C
[z1, z1] = —(xo + o)

(2,3) (24,5 + 34°  [x, x1] = x0, v, 1] = vo, 33 Nontrivial R C
[z1,21] = x0 — »o

(2,3) (2411 + 34" [x, x1] = X0, i, 1] = vo, L) Nontrivial R C
[x1, z1] = »o

(2.3) QAiy +34° [, xi1] = X0, s v1] = yos Ly Nontrivial R C
[x1, z1] = x0 + o

(23) Qg +34°  [x, x1] = x0. [y, 1] = yo, L5 Nontrivial R C
[x1, z1] = x0 — o

(2.3) Qs + 347 [x,xi] = xo. ¥, 2] = yo, LY Nontrivial R C
i, 21l = xo

(2.3) QAL +34° [, 0] = X0, v 2] = wo LY Nontrivial R C

(1L4) E° L= {xo) B (a, i, 21, m), L Trivial R C
[X0, y1] = X1, [X0, V1] = 21

(1,4) E® [X0, y1] = x1, [X0, 21] = y1, LY Trivial R C

[x0, V1] = z1
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Table I—Continued

Type L Characterization Relation Comments K

(1L4) (g + 44" [x, xi] = X0, 1, »i] = xo, Ly Nontrivial R C
[z1, z1] = X0, [vi, ] = X0

(1L4) (g + 447 [x, x1] = X0, 1, »1] = xo, Ly Nontrivial R
[z1, z1] = X0,
[vi, mi] = —xo0

(L4) (A1 +44°  [x1, xi] = X0, 1, y1] = o, L Nontrivial R
[z1, z1] = —xo,
[vi, vi] = —Xo
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